











































































































Metric spaces

How can we define distance
between two real numbers a BER

when we think of distance
we think of positive numbers

Goal to dla b 0

Actually Can distance be zero

Intuitively yes The distancebetween a number and
itself is zero

Goal 1 modified d la b so if
a b and dLaib 0 if a _b














































































































Example a S and b 3
s l l s IR

g 3

dts 3 3 t s
31 5
8

Ideal For a BER dla b b a

when we think of distance
we also expect that
starting point doesnt matterie

Goal 2 d la b D bia

d13 5 S 3
8 Idea 1 violates Goal 2

and Goal 1














































































































How can we fix this Introduce
absolute value

Idea 2 For a be IR d la b A b

How can we define distance
between two points in the plane
1132

Example 1211 and 4S

IR

5 a

z

I
l r

I id12114 IR
2 4














































































































d 2113,145172 012,472 014,532

dll2i 4S Idl2 4 tdll.SI
Goaltchooseplus

dll2i 14,517 4012,4 t dust
2 412 11 512

any number
squared is

2 412 4 532
positive jqt16 V2O

Idea ForaibelRZ
Atx y b lXziYz

dlaib flX Xz 2tly yay

Is d 12117,14511 0111457,1213














































































































d 915 1211 J 4 25 t G D2
j4tl6

vzo yes

One more thing
when we think of distance there's
also a notion of efficiency

C

a b

The path directly from a to b
covers less distance than the path
from A to b with a stop in between
at c That is

Goal 3 dla b c d la c t d k b














































































































What if c is on the way

a c b

the n d la b dla dtd Gb

Goal 3 modified dla b Edta c talk b

Let x be a set on our
examples E IR or 4 1122 A
metric on X is a function
d Xxx IR such that for all
9 b CEX

I d la b 0 if at b
d la b O if A b

2 d la b d lb a

3 d la b E d la c talk b
triangle inequality














































































































standard lusuall Euclidean metric
For a beIR d la b A b

For a bElR2
A 1 1 y b lXziYz

dla b f x Xz
2 t ly y 2

2

A metric space is a pair IX dwhere X is a set and d is a
metric on X

Example 1122 d where d is the
taxicab metric

For a bElR2
A 1 1 y b lXziYz

dla b x Xe t Yi ya














































































































a 1,3 b 5,4

IR
4
3

I l l l l RI S
















































































































Proofs and counterexamples
means implies

DM means argument is complete
standard lusuall Euclidean metric
For a BER d la b A b

d la b so if a b
at b a b to

a bl to

la b l O definition of abs Val

d la b O

d la b 0 if a b
a b a b O

la b1 0

d la b O














































































































2 d la b dlb a
dlab la bl

I la b I

I b al

dlb a

3 d la b Edta c talk b
This follows from a more general
result called the Triangle Inequality
Theorem the Triangle Inequality
If X ly E IR then 1ktyl E Ix I Hy
proof
I tty 12 txt y

2

it 2xy t y
2

E t 21Kyl t y














































































































K2 t 21 11yl ty
2

rat a ie dat lat
Wxyt VET

VxTiyT
Ix I lyl

1 12 t 2kt lyI t ly12
1 1 t ly1

2

txt y12 E L KI t ly1
2

lkty.IE xltlyl
Technically Ixtyle KHyl
and Ixtyl Z KI lyl

but lxtylz lxl lyl S lxty.IE xIHyl
always true














































































































NOW

dla b la bl

lato b l

la c ta b l
I w

y
E l a Clt Ic bl Triangle Ineq

in IR

Dlaid talk b
Therefore d is a metric on IR A














































































































standard lusuall Euclidean metric
For a BEIRZ
A 1 1 y b lXz Yz

dla b f x Xz
2 t ly y 2

2

I d la b 0 if Atb
A Fb Xi yl E K2 ya

x Xz or y Yz

x Xz FO or y YEO
Xi xD FO or ly yz O
LY Wt ly Yzf FO
Lx Xzptly yay O

j x xzptlyi y.DZ O

d la b SO














































































































dla b O if a b
A b L ki y Kaya

x Xz and yFyz
x xz O and y y 2 0

by 427 0 and ly y25 0
X Wt ly y 2

2 0

j LK Kaptly yay O

d la b O

Z dla b D lb a
d la b V Lk x aptly y 2 2

J L Lx Xz 2t L Ly Yz 2

Xz 4 2 t ly z y
2

DLb a














































































































3 dla b Edta c talk b

This follows from a more general result
called the Cauchy Schwarz Inequality
Recall how to compute a dot product

A Lx g C IR2
b LXz ElR2

A b X X at Y Y 2

norm
Let 11 all d la ol

d LK yl LO o

J X OP t ly 072

j x P t ly Y

jao.ae














































































































and 1lb dlbio
j x 2 Z t lyD2

jb.to
Theorem Cauchy Schwarz

1a b I Ell all Hbk

Nole 1 d la b It Xd't ly ya
d ki Xz y Yz 10,0

D a b o

11 a toll

Note 2 Half a a














































































































1 at BK Atb at b

Kit Xz yity 2 Kittz y t Yz
X the 2 t ly ty 2

2

2
t 2x K t KI t ly Tt 2yiyztly.at

Lk ft ly 2 t 2 X Katy ya t LXzPHyz 2

a a t 2 a b t b b

Half t 2 a b t Hbk
11042 t 2 I a bI t 1lb1 2

talk t 21411lbHt Hbk by CS
Hall t I bD2














































































































HatbH Hat bD2
HatbH E HAH th b Il
y

b
atb

n i
i

E
X

E to

NOW

dca b Ha bIl
Hato b Il
ta Ctc bll

Ella CHIK BH














































































































d la c t d k b

therefore d is a metric on 1122mm














































































































taxicab metric

law I

1 d laid 0 if Atb
atb Hi y Kaya

x Xz or y Yz

x x O or y Yz O

Ki Xz 0 or ly Yz I FO
Ix Xz 1 0 or ly yal so

Ki rattly yal O

dla b SO














































































































dla b O if a b
a b Xi y 142,921

x ka and y yz
Xi X 2 0 and y YEO
It Kal O and ly yal 0
It Xd t ly 421 0

dla b O

2 dlaibl dl.ba
dla b It xd t ly yal

l Lx xz l t l ly ya I
lez Kil t l Yz Y il

dlb a














































































































3 dla b Edta c tdk b c Kays
dla b It Kal t ly yal

Ix O Kal t ly 10 yal
I ki Xz 1 Xz Xz 1 t ly 93 43 421

It kzltlxz xaltlyi yz.lt yz Yzl

triangle Inequality in IR

It kzltlyi yzltlxz xaltlyz yzl
dla.at dlab

Therefore d is a metric on IR Al


