Mo4riC Spaces

How Con we define distunce
petween +oo vead numbers a, berQ

when we think of distance
we. +hink of POSlJr\\/Q Y\\LW\bQFS

Acthally... Can disfane be zero?
Lanrer\\/Q\ﬁ =k The distance

etueen "o T numbey and
el IS zeyo.

Goad | (madified): d O if
" #l and d(ab = Fa=b




Example: =-S5 and b=3
C4_|5_; > K

dl-5,2)= 2-(-5)
= z-l—S
=9

Tdea I For abe®, dlo,b)=b-a

When we think of distance,
LR clso  €xpect +hat
_SérO\rer@ polnt doesnt  mater,
\

Goa) 2: dla)=dlba)|

d(z35)=-5-3
= -3 Tdeo | violates Goal 2
ard eoad |



Houo Con ue +ix +his” Trnkroduce
dbsolude yodue!

Tdea 2: For & belR dlab)=1a-b |

fow can we  define distince
%e%?weeﬂ Two paints in e plane
R

Example: (21) and  (45)
*X

5_,




d( (20, (45)7= d (2 + dUsY

4020, (450 = £4d (2 + dliS Y
(Gl |- Che plus)

4020, (45 =d (20" + U5
:4 2-4["+ [I-5|°

0;%%\}@?:? = |- (1-5Y
positive SR Ty —50

Tdea : For apelR’
OL:LXU%I) szXzMQ

dlaib)= 4 (x)? +(Y,-y,)?

T< dl (20, (45)=d((49), (2)?



d((45), 1)) = {2+ 51

= J4 + 1l |
=20 U@S'

One more Jrh\n?
ohen we Hink of distance, there's
Ao A noHon of QMICIQHoj

C

S

. b

The it diredHy from  a b
COVQFS loss distarce  Hhan ‘PﬂQ podh
fom A o b with a stop N betusgen
G4+ C. That is..

Goad 3 40 b)< d(a,0)+dlcb)




Wk if ¢ is on the wouj?

@ ® Q
a_ C b

Then d{ab)= dla,cy+d(cb)

Gl 2 (mudified): dlab)=dlac) +dicb)

Lot X be & Se+ (in our
Q,X(UleS V=R or ¥=tRz) A
MEFAC on X is o fincHon
ds XX — R such that For dll
o bce><

(Ab) >0 AFb
g[{mlM lﬁ A=Db

7. OM(M\O)’O( boﬁ
2. d(0b) = d(adJrol(cla)

)rr\anc‘je me_obm \Jrﬂ




stodnd awrd /usuad [epclidean wekric
For A belR dlab)=la-b |

For abetR’
(= OCl ‘40 b= (,Xz\Lﬂz>

dlaib)= 4 (x X))’ Y-y,

Z

A metric space is o par (Xd)
@ X € OL Ser and%ls O
MeAHIC on X -

EK(LVY\P (l@ d) where d is He
toxicalb me+rlc

For abeﬂZ
(= LX[ l{]|) b= (,Xz\lj2>

dlaw)= |y - [+ ly-u.l




b= (5,4)






Proots and Counterexamples
= means “implhes”

means ourgument IS Complete

FMﬂd ard [uSudd [Eud \dean m@FriC}
For AbetR, dlab)=1a-b |

[ ddb) >0 if a#b
L#b = w-bLzO

= |-b| 20
= |a-b| >0 definiHon of abs val.

= d (0 \\O} >0

dlab)=0 f a=b)
A=b = (-b=0O

= [a-bl=0
= d(ddo) =0



7 dlab) =dlba)
OMQ\M l& bl

= [ (a-b) |
= | b-al
:O\(\O\OL>

2. dlab) da,O+dlcb)
ThiS FolOwS «Cmm o- prole genera

result codled The Triargle rnecbmalrfﬂ

Theorem (the T rtancjle Tneqyuality)
TE xye R then ety el +iyl

Proof :
leryl® = (ery)®

=y ry”

< SCL'I'Z-lel*"jZ



= \* Jrzlsé\ltjl FY?

= |y|* +2I><Illj\+\tﬁlz
= (el v Iyt
= Ietyl= 2
C Il +1yD>

—
etyl = el + 1y



NOWO,

dUKb\’ =
=g +0-b

= |lo-c+c —b]
NV~ e

* 9
| h-cl+lc-bl Thnamle
N FFW%

= A+ d(Cb)
Therefore, d is & metfic on K. il



stond aurd /usuad / Euclidean wmekric
For a, be R’
= (X\ 140 b= (,Xz\lﬂz)

d(ﬁ\b)’; -J UCF)CZB 4’(%—%2)2

| ddb)>0 F a#b
A+b —> DQ)%D#UCM%;\

= X7 0 Y#FY2

= X X270 of Y7y, ¥O
= (X=X 7O of LYriy 380
= WG-x)"+LU,-Y= 20
=2 Y% HLY-Y)">0
= | (=X ) +lYru)- >0
= d(lb)>0




b) O it a=b
&_ @ LX[)L:}X Uézlki) \

= X=X and Y=Y,

= % -%2=0 and Y-y, =0
= 04X = O and (UrY,)=0
= (XD LY mY. ) =0

= )Y~y =0
= dlab)=0O

Z O\Cl\b} A lpa)
3 \HX{ )%+ Y=Y )?

= 4 (= ) =Ly 9y P

=) () + (Y2~ ) ”
= Ou.lO\OL3




2. dlaj) 2dla,cd+dlc,b)

s folowsS from o more general reswlt
Called +ne QOLudnv Schworz ’.I:necb\ml\'@.

Recadl owd to wmpute a dot product

(k= LKUHAG\RLZ
b:LKZ)%LXE‘,R

(Lo b: )C[Xa*’\ﬂ\ka

NOrmMm
Let llall= dlg,0)

= d| LKI)%D ) [O|033

= (5| -0 + ly-0>?

= e+ Ly



il Mbll=d(b o)
R [CARIURE
=Jbeb
Theorem (Cauchy Schwarz)
o bl £ llallbll

Nole 1:d10,6)= A [ + (YU,

= d [ 4Xz2,Y~Y,), 10,00
= d ( f-b,0 )
= || a=bll

Nole 2 lalz= a-ac




| arb[|” = (d+b) e (at+h)
= (Y+X= Yla)e (x.w”)(zﬁjl“jﬂ
= [ HR) LYy,
= () + 22906+ )+ LYY+ 244+ ly,)°
= U+ Ly)* + 2 (KX tYUa) + (6 V2L

= e (L + Zt(k'b>+_

=||a

£|.M

=+ 2 (b)) + [ bl?

2

“+ 2 |a-bl +] b

= lal® + 2 [abl+ bl by CS
= (llall+ 1b])?



= [la+bl? = (laibl)’
= Jal+b|

D
_\_
S”

NOW |

A (@ |b§”~l o |
=l a+0-bl
=[la-c+c -bl

<l a-cll+lc-b|




T’h@fe&w@) d S a. pretic on flfm



CHAXICA metric )

For apet
L =0yy) b=k o)

—

L dlap)>0 i A#b
0\,?-/-b == (KU%O#LX«Z\%Z)

~

d((MIO>: |Y.|->CL“|’ | Lﬂl“%z|

— )Cl#%Z O( (jﬁéLﬁz
= X 70 of Y=Y =C
= |} =X|FO or Mrlﬁzlﬁo

— %l_XL[>O or I‘j(~tj;l>0

2 el y-y,| »0
= d(db) >O



dld)=0 & a=b
a—'—'\Q = (X\\‘j]\ = t%&;‘f};w

= X=X, and y,=y,

= X~X2=0 ard Y,-y,=0
= K X2|=0 and ly-Y.l=0
= e =Xalt Y-y, 1=0

= d(ab)=0

2. dlilb)=dlb
dla \103; l%\d’)(z\&;“jrl(jzl

= 1=bgo)| + - Yy,
= ‘%z"k\\ -l’llﬁz"%ll
= dlb,a)



3. dlak) edlac)+dlc )  c=(xs5y3)
d(.alb)’ UC W, Y- sz

= g +0-x2l + ly+0-y2 |
= (Y =%stXs- Yol + l‘ﬁf%’(‘ds‘%z(
£\ = Flis =xel + Iy = ys L+ Ty5-y,)
Triange T newali*ﬂ N K

- l%‘—x"y\*’ [LjﬁLjsl*’le’X?fl*’leB'%Z‘
=d (4,0t dlcb)
Theretore d s ametric on 1R° i



