Notation :

= means implies

Example : it's fining = the ground is wet

What about the converse ?

the ground 15 wet = i+'s rainimf

That's not- alwas +Hrue ! ijbe e ground s wet

because the Sprhklers are. on.

Tt both a slatement and #s converse are +rue,

e use +he sUmBol < Lhidh means if and on\ﬂ it

Example: Yo are a parend = yow have a chid
Yow have o child = yow are a parent

Thus, yow are a. parent <= yow have o chid.

Mo\ example |
fR-R is differentiabe = £ is continuous



fR>sm® is contnuous 75 £ is dffeentiable
(i about £ =%l )

Makh example Z:
Ix+3 =4 = 9x=| (SM.H"?’CLC;" 3 1Cvom both SEdeS)
2¢ =| = Ix+3=4 (add 3 +o both sdes)

TuS, 2x+3 =4 <> 2¢ =l

O‘H(\Qr sv.jm\oo\s :
V means N fr al [any /everj"
exampe: X 20 WxelR

3 menrs ‘there exisks”

Example: 1 o sowrion fo the equation
Ix+S=0

st means ‘such that



Secbuznces and Subsegyrences

Topic | Convergence
natuad numbers  IN=%123,...3

Let (Xd) be a metric Space. A sequene
n X is the list of OM:I—P(,d’S of a funckion
FFN—=X and is denoted 3an%.

n —an
, _L
E%OL\mP\e - £ N—=R o An=Th
N> L
n
L 1 1 L
, 2, 3, 3,5,..

Yo may recofnize this as o harmonic sequence.

Example, ?2: 1£N—’|'R or OLn:Sn*’I
N> Sn+

G, I, b, 21, 26, 3,...



Example  2: O\n=2i
2

..;— _é— i i —(L P
5) 4 =y (") )

Example 4 Fibonacc Sequerce

Ll 2,259, 13,21, 24

An= Qnot@no;  (N22)

This Sequence s called recursive.

Example 5: &n=-l if n is odd
an"”l l‘Pn (S even

—‘)Ijvlgl)-ljl)__ljljooa

Corl\/eﬂjer 0 move toward one Poith

Do these seqences CO\m/errjefZ



Example |2 an=n
An

(4o

"t o

TR S
\a]

\

Ite4n
corwerfjm o 0

EX(kale 3 Q= r
fin n+2

An

0 T
29
20 -+
S 1
0+
s -t

Example 2: a,=sn+

-+ n

doesn’t converse
(increases 4o ini—’(nH-lj)

Example 4: Fiboracc

n
2l

13 -

1

4

s_-

21
y i

——————4—n

COﬂVQT‘j\V\a +o

doesn’y converge
(increases +o inﬁnH—-j)
Exammple 5: -1 if nisodd, [ nis ewen

an

doesn't- conve e
doesn- approoch a\r\uj\f\'\\nﬁ , not even oo




Yow sawo this in cadculus wrtten  as
. < =0 Qi (sx+)=02 L 4L |

X=>@ X —>00 K200 XtZ

Mathemadically, what does it mean when we Say
U =ln COV\\IQJCJQS to zero!

Notakion: Gn—o0 or du~a, =0

N>

N
T+ means that Pas+ a  Cortgin point n +he

sequence, Ml the Nwmbers N the Seguence

ore reod\\d close 1o ().
There is an NeN such that

>N = ) =0

How close +o zerd?

Arbrranly close.
I
dlaaM<€ for any €eR sk £>0




A sequence $hn3 N o~ merric space  (X,d)
comercdes to aeX if VE>O 3N6N such Hhad
>N =d(an, Q<€ We say o is +Hhe limit of Sand.

T+ {an§ does not corwerge, then fan diverges.

Topic 2: Bourdedness

Let pex and r>0.

The ball n X centered ot p with radius r is
the st Bp r)=4xe¥X | dlw,p)=r$.

Exa,mP\e |: X=R ond d 15 the usuad mMeiric

B0,1) < | >R

- 0 J

Example 2: X=IR" and d 1§ the usual Metric
B(32),) &

-~

N
v




Example 2: X=R® and d is the taxicab metric
B (L), 2) I

7

We sew Ldes-(—erdcuj what i+ means for o subst

of an ordered se+ ($,2) 1o be bounded. Now...

Let (X,d) be a metric Space and E=X.
E is bounded if IMeR ard qex &f
d(.P|‘(D‘V\ VpeE.

i

In other wods, E = 5("0)M>-




Example |1 X=R and d is +he usual metric

Example 2: X=IK and d is the usual metric

E=§ buyel? | 16x¢2 and U=xzi

1

A sequence in o metric space (X,d) can be thought
of as oo subset of X. Thus, a sequence £&nS in X
is ‘bounded i 5,3 is bounded as defined

aloove .



Exaumple |1 Ap=sin(n) is bounded i R
e

( 'S
-1

° > K

[
|
0 (

E»(cpmp\e 2: Un= "‘/n’l +% s EOLLHdEd N fQ

| QMC )R
o Z 3

s
Q

Example 2 An=2" 1S not bounded






(%d) is a metric space.

Theorem  Tre limit of o convergent sequence is
PO PES

Proof: (by contradiction)

Let $An3SEX be a  sequence thar Conwarges +o
both ¥, ex and KexX uwhere X, #X;.

>(|;é XZ = db‘\)%—s >0

d 04, %)
let £ = ‘Z)

Since Qh—byl HN\GR\\ st

N>N = d(as, X) <« € = 4045
2

and since a,— ¥z 3IN,eEN st

N>N, = d(&n¥) e = d, %D
2

Then O\(Xn)é) =\ (3(1) &n) + d(an) )47) \fné"\‘

= d(an(I\ + dlﬂh))@)



< d(¥y%) 4 d¥s)  when n>N; and
2 A N> N,

= d(x)%)

contradiction _
So  dl¥,x,) «d%) —<¢— A number is not

less +han self.
Thus, no such dickinet limits a,,a, exist.

Therefore ) the |imi+ of a Con\lerfjen+ sequence 15
e

TheoreM  every  convergent  sequence is bounded.
Proof: Let fani <X conlerge fo aeX. Let €=l

Since 0,—a  3INEN s+ n>N = dldn,a) < £ =1

Consder the firsk N +erms @,,02y.,ay N the

S‘e‘bM.QﬂCe.
Lot M=maxi d(0,0),dts,a), .. d(&ya), I3,
'S

M= |



Then d(an,)2M when l2neN  and
dlan, &) 1 =M when n>N  so d(an,a)=M ¥neN.
Thus, $and < B(a, M+l),

Therefore, Tan% is  bownded. W

Converse.: TF  fand s bounded, then Zan3 Converes.

This is false
[worksheet 2

A Sequence fanf is ‘increasing it
&'n{"Z(L‘n VneN'

Example: 12,5791, ..., &n= 2n-|

A seqpence Fan3 is decreasi?y it gy
¥neN.



°) Qh‘-: —2ZNn
4-) _bl-g)_]o) .

N -2-| -

Example

NC \
2ans is monoto

nce

/‘\ Secbuue,

i rg
‘ O
Ckn

' unded
m I+€ f(kn% 1S bo Converﬁes.
e ofonic |, then $an¥
and _mon
Proof : worksheet 2

Subseq\)uence S
Example |:

S eveo



Example 2:
seqpence: 2,4l 210, 121410, 1% 20 22,24, 20,,..

[ =

sUlosegrence ¢ g, I, 19, 20, 20,40, 52,578, ...

Rule: be con't choose a term more than
once .

EX(mel@

seqjrences 2,4, 7,11 b, 22,5,5,5, 27,...

N

not & $bdo€eC()ULQﬂCQ3 4. 1,11, 2205,5,27,...
Noration:
let Tn3,= be o shrichy inaeasing sequence of

nrud numbers (no repetition allowed )

The Seqyence fﬂkn KZ is a SubSe,c(\uenc,e
of hns.



EXIUMP\Q :@3[11(@' ﬁﬂ@au.ax |@10) -
a[)a’h“ﬂ ajlaq)co.
Eﬂgars\ :glﬁ(sﬂﬂjmg

Theorem TF a,—a, Hen every
SWOSQCQUEHCQ of %anf coner”ges to a.

PrOOF‘ Let %M? be o Secomence st An—oa..
Let fang S be & Subsequence of finf.
—a = Ye>0, INEN st PN =

d(ah)a) AE».
Noke: nezk ¥ken

EX””P'Q @)&1(@ “ﬂ@am‘ax |@10) -

0,05, s, (Ml&q)

n,-l/// N

- =5 ng=7 sﬁol



Letr K=N. By the note, Ng=K.
Thus, nezrkz=N =» n, =N

— d(,ant()a'\>4£

Therefore,  an,—aL. il



Provirg_ o SpecifiC Seuence converges
Claim: an=n —0

Proof : Let+ €>0.

we must find some NeN so that d(Ro)<=E
wnenever n>N.

d(*, 0)

I

Sl- sk
l

O

Side work: W<€

&S |2 En

1
®a‘”

iR
<-':>n>8

| i
Therefore, w—© Wl



(101 B
C\(Hm An= N+2 — |
Proof: Let €>0

d ) - | R -]

NH - (ne2) ‘
n

| n¥Hl-n-2 |
B N+ 2

_ ] -
v

= n|_|, 2 (,remem}ﬁr n 70>

¢ when nr>e-2




_Mare_examples

cosn)
l. Prove  ap= h2+r7 ©
Proof: Let €>0.
cosln) cosln)
( n*+17, 03 n?+17 O‘
coS(n)
N*+11
| cosln)|
= In%*+17i
| costny|
TN+
_ | -lecsln) el = |cos(n)|él
- nN2+17
|
P nz
ﬁ e f n>J_'E—
1
side work: Nz <%
& |z gnt
S —E': < n?
L
< n2s €
o o [T
_cosln)

Therefore, nr+t; ——©



7 . Ap= [-3n-bn®

((+4n)

Proof: Let £>0.

d

( [+4n)*

(-3n-bn*

-3
5

)

\\

(l

|

"

, S
e

o 4)
I-3n-Lnz [ 3

gn+ln*
| + n - 3

—

[-3n-ln2 5

3(1H+gNn+1bn) + €(1-3n-ln?)
3(l-3n—ten2)
3+24n+48N% + §—-29n-48nz
3(l-3n—n2)

|
3(l-3n—len2)
I
3[l-3n—-n2|
I

3| -3n-len?|
|

31-3(n+2n?)|
I

1| n+2n?|



Il
= Ay O e

I
an

—©
( < € when n>7"(Lé
A

side Loork: @ < T

= |2 qen

= q“gan

= i1
<> n>ag

Th@fQ“FOY'Q) (t+an)” s -3
|—3n-bn? >






