











































































































Notation

means implies

Example it's raining the ground is wet

what about the converse

the ground is wet it's raining
That's notalways true Maybe the ground is wet

because the sprinklers are on

If both a statement and its converse are true

we use the symbol which means if and only if

Example you are a parent you have a child

youhave a child you are a parent
Thus you are a parent youhave a child

Math example l i

f i IR 112 is differentiable f is continuous














































































































f IR IR is continuous f is differentiable

think about flx txt

Math example 2
2 3 4 2x L subtract 3 fromboth sides
2x L 2 3 4 add 3 to both sides

Thus 2kt 3 4 2x

Other symbols
tf means for alllanylevery

Example X 20 VXEIR

3 means there exists

Example 3 a solution to the equation
3 5 0

St means such that














































































































Sequences and Subsequences

Topic 1 convergence
natural numbers IN 742,3
Let IX d be a metric space A sequence
in X is the list of outputs of a function

fi IN X and is denoted an
n an

Example 1 f IN R or Arth
N in

1 I I I t

you may recognize this as a harmonic sequence

Example 2 f IN IR or an _Snit
n htt

6 11 16 21 26 31














































































































Example 3 an htt
ht 2

Z F F E F ooo

Example 4 Fibonacci sequence
I l 2 3,5 8 13 21 34

91 1
A2 1
an An 2 tan l NZ3

This sequence is called recursive

Example 5 an 1 if n is odd
an L if n is even

I I I I I l I I ooo

converge to move toward one point
Do these sequences converge














































































































Example 1 an _Yn Example 2 an _snit
an an
I 30

25
12 o 20

15
iz 10
y

a
s

I l l l l l l l l n I l l l l l l I I n

convergingto 0 doesn't converge
increases to infinity

Example 3 an _htt Example 4 Fibonacci
an Nt2 an

21
2

13
8I
S i

z
2
I

I l l l l l l l l n I l l l l l l l I I n

convergingto 1 doesn't converge
increases to infinity

Example 5 1 if n isodd 1 if n is even
an
1 doesn'tconverge
l l l l l I i n doesn't approachanything not even as














































































































you saw this in calculus written as

flying 1 0 im set D Iim Xt I p
A K as Xtz

Mathematically what does it mean when we say
an Vn converges to zero

Notation an so or Ingrigan 0

n N
It means that past a certain point in the

sequence all the numbers in the sequence
are really close to 0

There is an NEIN such that

n N dlan kno

How close to zero

Arbitrarily close
I

dlanOKE forany EEIR St E O














































































































A sequence an in a metric space X d

converges to aEX if VE O 3NEIN such that

n N dlan a E We say a is the limit of an

If an does not converge then San diverges

Topic 2 Boundedness
Let PEX and r 0

The ball in X centered at p with radius r is

the set B p r x EX dlx.pl r

Example 1 X lR and d is the usual metric

B 0,1 s f lo S SIR

Example 2 X4122 and d is the usual metric

B 3,2 1 IRI

r l l l l 7
u














































































































Example 3 X R2 and d is the taxicab metric

B 1010 2
1122 a

rI tf r
r I tl l I l s

E N
EN

U

we saw yesterday what it means for a subset

of an ordered set S c to be bounded Now

Let IX d be a metric space and F EX

E is bounded if 3MEIR and get st

dlp q M VPEE

In other words E E BCqM














































































































Example1 F IR and d is the usual metric
E f 3 4 E B 0,4

6 I I l l l l l 11 I
0

Example 2 f R2 and d is the usual metric

F lxiy.IER2lEXE2andy x2 E B 1,2 4

n I
f o

a

E T E
E a E

I l
E
t11111

in

A sequence in a metric space X d can be thought

of as a subset of X Thus a sequence an in X

is bounded if an Ex is bounded as defined

above














































































































Example 1 an _sin n is bounded in IR
an

6 I I 7 SIR
I S

I O 1.5

BIO I 5

Example 2 an Ina t 3 is bounded in IR

6 I f
an

g IR
o 2 3

B12 1

Example 3 an _2h is not bounded
















































































































Hd is a metric space

Theorem the limit of a convergent sequence is

unique
Proof by contradiction
Let an EX be a sequence that converges to

both x ex and Xzex where X Xz

X Xz dLK 0

Let E
d ik
2

Since an s X 3 N EN St

n N dLan 4 a E Iki
2

and since an Xz 7NzCIN St

N Nz d an CE dk XD
2

Then DIY Ed K an dlan XD then

dlan tdlan














































































































dl Xd dKyE when n N and
n Nz

dLX Xz

so dly a day contradiction A number is not

less than itself

Thus no such distinct limits ai.az exist

Therefore the limit of a convergent sequence is

unique A

Theorem Every convergent sequence is bounded

Proof Let an EX converge to a EX Let E L

Since an sa 3NEIN st n N dLan a c E L

Consider the first N terms a saz an in the

sequence

Let M Max dCai a dlaz a dlaw a I
d
M I














































































































Then dlan a EM when I a new and

dlan a 4 EM when n N so d an a EM KNEW

Thus an E Bla Mtl

Therefore an is bounded DM

Converse If an is bounded then an converges

This is false
worksheet 2

A sequence Ean is increasing if
Anti 2 An VNEIN

Example 1,315,79 Il An 2h I

A sequence an is decreasing if anti Ean

VNEIN














































































































Example 2 4 6 8 10 ooo Arf 2h

A sequence an 3 is monotonic if
an is increasing or an3 is decreasing

Theorem If an is bounded
and monotonic then an converges

Proof worksheet 2

Subsequences

Example 1

sequence 1,112,315,8 13,21 34,55

u u u u u
subsequence I 2,5 13 34 ooo














































































































Example 2

sequence 2 4 6 8 10 I 2 14 16 18 20 22 29 26 ooo

l L
subsequence 8h 16418 20 30 40 52 58 o

Rule we can't choose a term more than

once

Example

sequencee l 2 4 7 I1 16 22 5 5 5 27

u u u u u u u
not a subsequence8 4 Il H 22 S S 27 o

Notation
Let n 3 be a strictly increasing sequence of

natural numbers no repetition allowed
The sequence an 3 is a subsequence
of An














































































































Example Az an ace as Alo

Al Az As A7 Aa ooo

Nk I 3,517,9 ooo

Theorem If an a then every
subsequence of an converges to a

Proof Let an be a sequence st an a

Let anµ3 be a subsequence of an

an a VE O 3NEIN St n N

d Ian a E

Note nµZk F K EN

Example i Az Ag Ace 98 o oo

Al Az As A7 Aa ooo

ni't
th 3 h 5 S ng 7 hs 9














































































































Let KZN By the note Meek
Thus nµz KEN nµ IN

d Lane a CE

Therefore an a BA














































































































Proving a specific sequence converges
claim an Vn so

Proof Let E 0

we must find some NEIN so that dfn.co E
whenever n N

dl'T O f o

t
n

ht since NEW n o

fo E when n Le

side work ht E

l c En

Ean
note

Therefore ht so DM














































































































Claim an htt 1

Proof Let E o

d htt 1 FIL I
Ntl ht
Nt2

Ntl n z
htZ
I
htZ

n z remember n o

I E when n E 2

side work 1 a E
ht2

1 a Elntz

ht2

2 n

n I 2

Therefore FIL I AM














































































































More examples
sun

soI Prove an n2tl7

Proof Let E 0
cosch

d1 477 o n th
O

05th
NZ 17

Costs
In2 17
Cosch

NZ 17

E n
IECosln El cos n El

1
C m2

ME if n JI
side work ht E

l c ENZ

te na

m2 I
n JE

Therefore 89174 so am














































































































It4h12
2 An I 3h Lenz

S 85

Proof Let E 0
It4h12dll 3N6ns F 45h76m F

It 8ntl6n2
I 3h Lenz 3

3 H8ntl6n2 t8 I 3h 6h2
3LI 3h 6h2

3 24 ht 48h2 8 24N 48h2
3LI 3h 6h2

11
311 3h 6h2

11
311 3h 6h2
It

3 3h 6h2
11

3 31Mt2h2

91Mt2h21














































































































9 ntznz n O nt2n2 o

fo
n

CE when n 9

side work tant E

no 9En

Yeon
n ate

Therefore Han
3h 6h2 83 DMM




