Series

we've been -l-cdkinj a lot about Sequences, which

oxre nfinte lisks.

Sums .

If we odd infinitely many postive numbers, uon+
the resut be imcinﬁ-b?.

Some+Hmes ...
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Where is +his number Comih3 from?

Let relR.

o0 . N .
%‘r " IS a 3eome-l—rlc Seres

2. L i€ |r|<l (r: % in the QX&MP\€>

nol =V

What+ does this maan?
We can only compute the sum of finikly many terms
& o Hme.
S+ = 0.325
Se= Z(5)'= 5 v = 0.32815
Sq= %:U;Y‘ - #*Ju:*a*' —— = 0.23203125

= 0.3330078125
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Gt betzsg + loz_q

These are Ca.“ed lkth P(l-f“’lal suumsS &Vld are
denoted S,



The more terms we add (ie the larger K gets)
the cdloser we get o the value of ,é,(ﬂn.
Notice that these partial sums form & sequence

that appears +o be lookin3 more and more ke

L-=0.2%3%...

0-3125, 0-328125, 0-23203125, 0.3330078125
SL Sy Sq Ss

Let (X;d) be a metric space.
Recall what i means for a sequence faniS X +o

conere fo A_EX
o= o= <> Vevo INelN < nzN = d(an,a) <E

%U\n Converﬁes o a (ie, Elﬁkn =q,) 'nC Sy — oo
n=| =
k/'\,\)
TO prove this,
: we have to fiewe
(therwise, ok et

Z4n diverges. looks  like
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This is called the Geometric Seriss Test.

Lemma | Ler reR\$13 and keN.
S, = L _ M
k=21 = — - cont divide ij zero.

n=\

It r=|, then é_‘" [t el+ | =K
.) n= M
Kk Himes

Proof : ij induction)
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Step || Show +Jnis iS +me for some particwdar Kem.
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N rU=rMD)
Step 3| prove =" T 1or
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= rLil_rr) v by the asswmption in Step 2
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Therefore, 5 |I-r Y keN.
r(i-r¥)
Owr 3004 now i5 fo prove Sg= I-r Converdes
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Propertieg of coniergence

let an—a and b, —>b. Then
[. Qnrbpn—> a+b
2. Rp-bnh —a-b
>. Anbn — ab
4. M —s b
0 \
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_ gL r ey term
S st
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lbluwe
lemma 2 Tf reR st |rl<|, +hen r“—sD.

Proof :
Cose [: =0

Then we have & sequence of zercs, which converges

o zerp.

Case 2 r#o  (so0<«|rlz|)

Let &£ 20.
d(r¥ o) =[r<-o
=|r¥]
= |r|®
<€ £ k>%{%

sidS work: Iri¥ez €
<> ImIr|¥ < Im(£)
< Kdnlr| €dn(€)
S k>
dmlr|

Therefore, r*— 0 uwhen Irl=| M



Lemma. 2 Tf r=1, then r‘—si1.
Proof: §1%5 is & sequence of ones, which Converges

to |.

red
Lemma 4° TFf r=-l, then Er"§ does  not COnverfje,.

Proof: (05 looks like —1yl,-1,1,-1y1, ..

Assuume. §1-)S conerges to  he K.

Ler £=l.

Since [(N—a, INEN st k2N =>d| () &) <E =
Tf K is odd, (W¥=-l) so we have Hat d(-ja) <.

TF Kis even, (NF=1, so we have +Hhak d(l,a)<l.

Thus, a€eR is within_one wnt of | and -l —¢—
e B
. 0 -l
The qreen set and the blue set
are dis\')oim—.

Therefore, §NFS does not Converge.
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Lemma. 5 If reR st r>l then r  — oo

we didnt officially talk abowt what it means for
- sequene to Jo to infinity, so we'll take s
result for granted.

blac e solick
lemma. (0 TF re®R s+ rz-l;, then r¥ has no

[imik-
Ex(unp\e-. r=-2

3k5=5-2,4,-2, lb, -32, (4.5

We're  ready nowo!
ﬂ’lQOV‘Q,m r%rﬂ: .Zr @‘rlél.

Proof:
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S = g, r(+rt o _r
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Irlz]: Lemma, 2 =2 ¥ —0O

= M —> r( I-PO) -
|=r |—r =

C+re) WD) _ 2

Irl =1 (ie r=£)): Lemma. 3 = =1 -1 -~ O
wndefined |
hi_;l "= nf:-'l = [+ + e =
r(1+r¥) 0]+
lemma. 4= I-r [- (1)
nZ=| D Y I o e e

does not Converge.

Ir]>1

r>: Lemma 5 = r¥k— o

r(1+r¥) r(l+o) _
= Tr T e T

fz-1: lemmee b = +he limit of r¥ does not

. L+rK) :
exist = the limt of r%——rr does not exist




