











































































































Series

we've been talking a lot about sequences which

are infinite lists

Example an th
I I I I I

Today we'll talk about series which are infinite

sums

Example EEht It It It f t ft

If we add infinitely many positive numbers won't

the result be infinity

Sometimes

Example Eth p














































































































but not always

Example I f It te t Iet t ifz t n

I
3

where is this number coming from

Let REIR

E rn is a geometric series

Earn 2 Er if I r KI r T in the example

what does this mean

We can only compute the sum of finitely many terms

at a time
Sz n HY It the 0.3125

Sz 4 It te t 64 0.328125
4

Sg ft ft Fy t t 6 0.33203125
S

Ss ft f t te t f t 6
t 0.3330078125

These are called Kth partial sums and are
denoted Sk














































































































The more terms we add lie the larger K gets
the closer we get to the value of IELte
Notice that these partial sums form a sequence
that appears to be looking more and more like

15 0.33333

0.3125 O328125 0.33203125 0.3330078125
Sz Sz S4 5g

Let kid be a metric space
Recall what it means for a sequence an EX to

converge to aEX

an a HE o 7 NEIN St nzN dCan a CE

Egan converges to a ie EIan D if se s a

TO prove this
Otherwise we have to figure

out what Sk
Egan diverges looks like














































































































Goal Prove that Earn Ir Ir lol

This is called the Geometric Series Test

Lemma l Let REIR 13 and KEIN
K ru rkSEEM i r Ican't divide by zeroA1

If F I then In It It It H K
Ttimes

Proof by induction

step 1 Show this is true for some particular KEN

K l S rn r ru r
l r

k z s rn rt r2 rft f rut fl r

step 2 Let New Assume rn 4Irr














































































































NH
step 3 prove rn r NH

rn rt r2 t r't t r N I t r N t r NH

EN r n t r NH

A I

rtIrrn t rNH by the assumption in step 2
ru rn t l r rNH

I r

r ANH r Nt2

I r
r r Nt2
i r

r l r Nti

l r

Therefore FEM rt them an

r Ll Rk
Our goal now is to prove Sk I r converges

if Irl al














































































































properties of convergence
Let an a and bn b Then

I Anthon at b

2 An bn a b

3 anton ab

4 An bn a b
T

bn to
bto

the1N

So cling leggier Li
only term

Koos 0 l r involvingK

rt this
i r

we need to
find this

s Emma R














































































































blue
Lemma 2 If REIR st Irl 4 then r't O

Proof

Case 1 r O

Then we have a sequence of zeros which converges

to zero

Case 2 rto soO trial

Let E 0

d r't o rk o

p k

r
k

sidefE
if k bring

work Irl Kc E
Intrkelnle
Kentrlcente
k Intel
Intrl

Therefore rk o when Irl 4 AM














































































































green
Lemma 3 If r L then r s 1

Proof It is a sequence of ones which converges
to 1

red
Lemma 4 If r t then Erk does not converge
Proof HY looks like I I 1,1 I l

Assume the converges to AER

Let ET

Since I Dk a 7NEIN St Ken d l th a E 1

If K is odd LDK I so we have that dl l a at

If K is even LDK I so we have that dll a al

Thus AER is within one unit of 1 and 1 se

l l ko t s

The green set and the blue set
are disjoint

Therefore tht does not converge DM














































































































black squiggle
Lemma 5 If REIR St r l then r't co

We didn't officially talk about what it means for

a sequence to go to infinity so we'll take this

result for granted

blacksolid
Lemma 6 If REIR St RL l then r't has no

limit

Examplei r 2

rk 2 4 8 16 32 64

we're ready now

Theorem Earn Ir trial

Proof

Lemma I r l I tr't
l r

EEM Er se rlltrk r
l r l r



Irl al i Lemma 2 rt o
rft'T s TIED Ir

Ir 1 1 lie r D Lemma 3
rft'T f't Z

undefined

l I It It It It It ooo A

Lemma e 41ft t Nlt
t l D

HM It l IH IH IH ooo

doesnot converge

Irl 1

r I i Lemma 5 r k as
rft'T rt a

re 1 Lemma 6 the limit of rk does not

exist the limit of 41T does not exist

Therefore FEM Er Ir lol Mm


