











































































































properties of convergence
Let an a and bn b Then

I Ant bn at b

2 An bn a b

3 anbn ab

4 An bn a b
T

bn to
bto

thCIN

Partial proof I 2

an a HE 0 IN EIN St nzN tan ale 42

bn b HE o FNzCIN St A Nz Ibn b c 42

I an bn la b I lan bn at b I

I an at b bn

Ian att lb bnl

Ian al t Ibn b l














































































































Ek t Elz when NZN and NZNz

ie when nZ Max N Nz

E

Therefore an bn sa b Nhl

Theorem1 If Etan converges then an O

Proof Assume n An converges Then the sequence

Sk of Kth partial sums converges say Sk C

S A

Sz A taz S taz

S3 AtAztA3 Sz t Az

In general
Sk Se it Ak Sk Sky ar

c u
C C

ar 0

by convergence property 2 AM










Contrapositive If an does not converge to zero then

Egan does not converge lie it diverges

This is commonly known as the nth term test

Example EE23h an 23h sE o

So I
2h71

A I 3h2 diverges

Converse If an o then tan converges

False Counterexample Eat
an ht o but I T diverges

Let's prove this

Theorem 2 direct comparison test Let Dean Ebn then

If Eaton converges then so does Egan

Idea 0Ean Eb n th CIN

EPEEan c Ebn
O E IEan E B assuming Eibn convergesto B



Proof Let Se EEan and I EIbn
Recall a bounded monotonic sequence converges

anzo then Ese is increasing

bn20 then Tie is increasing

NEbn converges Tie t for some value T

Since Te is increasing Tk ET AKEN

AnEbn the IN SKETE VKEN

Thus Sk E Tx E T VKEIN

Sk ET f KEIN

Sk is bounded

Hence Ese converges

Therefore Etan converges Mtt

Theorem 3 Contrapositive Let Dean Ebn then If
a
an diverges then so does Eaton



Claim Eit diverges
Proof Lof claim Let bn th To use Theorem 3 we

need to find an St OeanEth THEN

b it E I't s te'T'T T'T'T't it IT
s s s s

anD ot eTMEf
sum sum sumto to to 1 21 2 1 2

DEANE In theIN

an _It It It It It P diverges

Therefore Eat diverges A

Theorem ht converges p 1

Proof worksheet

E this is called a p series and this theorem is

called the p series test


